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Multivariate Intrinsic Random Functions for Cokriging

Abstract. In multivariate geostatistics, suppose that we relax the usual second-order sta-
tionarity assumptions and assume that the component processes are intrinsic random functions of
general orders. In this article, we introduce a generalized cross-covariance function to describe
the spatial cross-dependencies in multivariate intrinsic random functions. A nonparametric
method is then proposed for its estimation. Based on this class of generalized cross-covariance
functions, we give cokriging equations for multivariate intrinsic random functions in the presence

of measurement error. A simulation is presented that demonstrates the accuracy of the proposed

nonparametric estimation method. Finally, an application is given to a dataset of plutonium and
americium concentrations collected from a region of the Nevada Test Site used for atomic-bomb
testing.

Key Words: atomic-bomb testing; generalized cross-covariance; geostatistics; kriging; spa-

tial prediction.



1. Introduction

In geostatistics, the prediction of a variable at unsampled locations can be generally improved
if there are additional data from spatially correlated auxiliary variables. Cokriging is a multi-
variate geostatistical methodology that exploits the spatial dependencies within the variables as
well as the cross-spatial dependencies between the variables.

Kriging, or spatial best linear unbiased prediction, has been developed for intrinsic random

functions, which are processes that possess a form of stationarity more general than the usual

second-order stationarity. Intrinsic random functions were first discussed by Matheron (1973).
For completeness and to set the notation for the paper, we now briefly review the definition.
Let D be a Borel set in R?. For a function g on D and a signed measure \ with a finite support

in D, say A(-) = >4 Xids, (), where \; € R, s; € D, and m = 1,2,. .., define

g(N) = /D 9(5IAGS) = 3 Nl

For k > 0, let Ay be the collection of such signed measures A for which g(A\) = 0 for all
monomials g of degree < k ( i.e., g(x) = a:lf ---xild), where i, = 0,1,...,k and Zgzl iy < k.
Also, let A_1 be the collection of all signed measures A having finite supports in D without
further restriction on ¢g. Such a measure A € Ay is termed a generalized increment vector of
order k, or GIV(k) in the literature. For h € R% and A = >_I" | A8, let ThA denote the signed
measure, y ', A\ids,+h. A second-order random process {Z(s) : s € D} is said to be an intrinsic
random function of order k, or IRF(k), if for each fixed A € Ay, the process {Z(m,A) : h € R}
is second-order stationary, that is, cov(Z(mh,A), Z(m,A)) is a function of h; — ho;k > —1.
Note that an IRF(—1), respectively, an IRF(0), is simply a second-order stationary process,
respectively, an intrinsically stationary process. Since Agy1 C Ag; £ > —1, an IRF(k) is also an
IRF(k + 1). Thus, the class of intrinsic random functions form a nested family. Importantly,
from Matheron (1973), each IRF (k) possesses a generalized covariance function K (h) such that
for A1(+) = D210 Midsy, (+) € Ak, and Ao(1) = D202 Agjds, (+) € Ag,

mi ma

COV(Z()\l), Z()\Q)) = / / K(Sl — Sz)d)xl (Sl)dAQ(SQ) = Z Z >\1i)\2jK(Sli — Szj),
DJD i=1 j=1
where K is unique up to an even polynomial of degree 2k, for k > 0; and for k = —1, K(-) is

the usual covariance function of a second-order stationary process.



While the generalized covariance function is a natural device for modeling the spatial cor-
relation of a univariate intrinsic random function, it is not clear how best to model the cross-
correlation between two IRF (k)’s, Z;(+) and Z(-). Under an assumption of second-order station-
arity of the bivariate process, the cross-covariance function is cov(Z;(s;), Z2(s;)) = Cia(si — s;)

and is used to reveal the cross-spatial dependency. Note that Cia(h) # Cs1(—h), in general,

although the linear models of coregionalization due to Wackernagel (1995) satisfy Ci2(h) =
Co1(—h);h € R?, and hence they can only capture symmetric cross-spatial dependence. Using

complex-valued stationary covariance functions, Grzebyk and Wackernagel (1994) introduced

the bilinear model of coregionalization that yields cross-covariance functions that are not even
functions. In what follows, we develop cross-spatial dependency more generally and in the
context of multivariate intrinsic random functions.

In the case when both processes are intrinsically stationary, or IRF(0)’s, certain types of
cross-variograms have been proposed in the literature. For example, the covariance-based cross-

variogram (Myers, 1982) takes the form,
cov(Z1(si) — Z1(sj), Z2(si) — Za(s;)) = 2v12(si — ),

and has been widely used in many cokriging applications. Ver Hoef and Cressie (1993) noted
that this type of cross-variogram is an even function and cokriging in terms of it requires a
cross-dependency symmetry condition that may not be supported by the data. If the symmetry
condition does not hold, cokriging in terms of v15(-) may result in non-optimal linear predictors.
The variance-based cross-variogram (Clark et al., 1989; Ver Hoef and Cressie, 1993) takes the
form,

var(Zi(s;) — Z2(s5)) = 2712(si — 85),

and overcomes this restriction. However, Papritz at al. (1993) pointed out that this type of
cross-variogram might not always exist.

Kiinsch et al. (1993) introduced the generalized cross-covariance (GCC) concept, which can
address both asymmetry and existence issues when the processes are IRF(0)’s. In fact, Yaglom
(1957) had defined a GCC for multivariate IRF(0)’s earlier, and for the special case of d = 1,
Yaglom (1955) gave a definition for GCCs for higher order IRFs. The most general case of IRFs
in R? of any order is presented in Section 2 below.

As noted in Matheron (1973), IRF(k)’s are processes to be used when the experimental



variogram increases much faster than the square of the lags. When such processes are present
in a multivariate context, the cross-spatial dependency needs to be defined and investigated,
particularly for the purposes of cokriging. After introducing the generalized cross-covariance for
multivariate IRF (k)’s, a nonparametric method is proposed for its estimation, analogous to the
experimental variogram that estimates the theoretical variogram (Cressie 1987); see Section 2.

Therefore, a nonparametric graphical display of the generalized cross-covariance-type functions

can be obtained to allow the fitting and checking of a parametric model; see Section 3. In
Section 4, we give the cokriging equations based on the generalized cross-covariance functions
in the presence of measurement error. A simulation study is presented in Section 5 that inves-
tigates the accuracy of the nonparametric estimation method. In Section 6, our methodology is
demonstrated on a dataset of plutonium and americium concentrations collected from a region
of the Nevada Test Site used for atomic-bomb testing, and discussions and conclusions are given

in Section 7.

2. Multivariate Intrinsic Random Functions and Generalized Cross-Covariances

For ease of exposition, we consider a bivariate intrinsic random function of order k (BIRF(k))
{Z(s) = (Z1(s), Zo(s))T :s € D c R},

Definition. Let £k > —1. Call Z(:) a BIRF(k) if for each \;,\2 € Ay, the process
{Z1 (T, M) + Z2(ThyA2) : hi, hy € R} is zero-mean second-order stationary.

Definition. Let k& > —1. A function {r12(h) : h € R?} is said to be a generalized
cross-covariance (GCC) function of a BIRF(k), Z(:) = (Zi(-), Zo(-))", if for any A\ (-) =
Dot Midsy (+), and Ag(+) = 3702 Agjdsy () € Ay,

mi msg

COV(Zl()\l), ZQ()\Q)) = / / /4312(81 — Sz)d)\l (Sl)d)\Q(SQ) = Z Z)\li}\Qj/{lQ(Sli — Szj). (1)
DJD i=1 j=1
The existence of the GCC is not immediately clear, except for ¥ = —1, in which case the

GCC reduces to the usual cross-covariance,
012(81 — SQ) = COV(Zl(Sl), ZQ(SQ)) = /‘612(81 — SQ).

Existence of the GCC in the general case of a BIRF(k), k& > 0, is considered in the following

theorem.



Theorem 1. If (Z,(s), Zo(s))" is a BIRF(k), there exists a generalized cross-covariance x12,

which is unique up to a polynomial of degree 2k + 1.

Remark. The proof of Theorem 1 relies on some advanced mathematical results appearing

in Gel'fand and Vilenkin (1964), and we defer it to the Appendix.

3. Experimental Generalized Cross-Covariance

In this section, we give an approach to obtaining a nonparametric estimator of the GCC

(i.e., an experimental GCC), followed by several examples.

3.1 General Considerations

It is clear that cov(Z1(\1), Z2(A2)) in (1) can be estimated from data through the method of
moments. Hence, if k12 can be written in terms of cov(Z1 (A1), Z2(A2)), a method-of-moments-
based experimental GCC can then be obtained. When the observations are on a regular grid, a
certain type of GIV(k) in Ay can help us achieve this objective. Let e be a fixed unit vector in
R?, and assume we observe Zi(-) at locations {s,s +e,s+2e,...,s+ (h+k)e};h =1,2,.... As
in Cressie (1988) and Chen and Anderson (1998), consider a vector

k
1 —1)--- .
mr, = coefficients of monomials in {1 — — ) (—1) k (h+ k)(h + k, ) hxh“
’ k! —~ i h+1
= ol

which defines the GIV(k),

h+k ©
i
)\k,hz § 7rk7hés+ie-
i=0

For example, when k = 0, 1,2, we have, respectively,

To,n = (1707 T 707 _1)T7
T1,h = (1707 707_(h + 1)7h)T7

Top = (2,0, ,0,—(h + 1)(h + 2),2h(h + 2),—h(h + 1))*.
Hence, we can define

a1z(he) = cov(Z1(Arn), Z2( A1) = cov(my 2y, ) 1 Do), (2)



for example. Note that ajs(he) can be estimated nonparametrically and cov(ﬂihzl,ﬂilzg)
can be written in terms of k15 through a linear difference equation (Cressie, 1988; Chen and
Anderson, 1998); examples are given below. In light of this, to obtain a nonparametric estimator
of the GCC, we propose to proceed as follows:

Step 1. Based on the definition of a GCC, write out the right-hand side of equation (2) in

terms of k19, which results in a linear difference equation.

Step 2. Solve the difference equation and obtain k15 in terms of aqs.

Step 3. Estimate a2 nonparametrically from data on Z;(-) and Zs(-) through the method

of moments; call the estimator &qs.

Step 4. Obtain the nonparametric estimator 419 by replacing aqo in Step 2 with its non-

parametric estimator &qs.

3.2 Example: BIRF(0)

If both Z;(-) and Z5(-) are IRF(0) processes (i.e., k = 0), then based on the GIV(0), o,

we have

ajo(he) = cov(Zi(s+ he) — Z1(s), Za(s + ) — Za(s))

= Klg((h — 1)e) — ng(he) — Klg(—e) + Iilg(()). (3

~—

A solution to the difference equation above is,

h
k1z(he) = = aia(je) — hrra(—e) + (h+ 1)r12(0),
j=1

h—1

Jj=1
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